By making use of the path-integral duality transformation, string representation of the Abelianprojected SU(3)-QCD with the Θ-term is derived. Besides the short-range (self-)interactions of quarks (which due to the Θ-term acquire a nonvanishing magnetic charge, i.e. become dyons) and electric Abrikosov-Nielsen-Olesen strings, the resulting effective action contains also a long-range topological interaction of dyons with strings. This interaction, which has the form of the 4D Gauss linking number of the trajectory of a dyon with the world-sheet of a closed string, is shown to become nontrivial at Θ = 3π × integer. At these values of Θ, closed electric Abrikosov-NielsenOlesen strings in the model under study can be viewed as solenoids scattering dyons, which is the 4D analogue of the Aharonov-Bohm effect. 2 gauge invariant Abelian-projected theory of the realistic SU(3)-QCD, based on the Abelian dominance hypothesis, has also been proposed [6] . Quite recently, confining properties of this model were investigated by a derivation of its string representation [7] (for a review see [8] ). Moreover, in Ref.
Introduction
obtained results will be briefly discussed. Finally, in three Appendices, some technical details of calculations, which are necessary for a derivation of the formulae from the main text, are outlined.
The Model
In the present Section, we shall discuss the model, whose string representation will be derived below. To start with, let us consider the partition function of an effective [U(1)]
2 gauge invariant Abelian-projected theory of the pure SU(3)-gluodynamics (i.e. a theory without quarks and the Θ-term) [6] . It reads
Here, Φ a = |Φ a | e iθa are the dual Higgs fields, which describe the condensates of monopoles emerging after the Abelian projection, and g m is the magnetic coupling constant related to the electric one via the topological quantization condition g m g = 4πk. In what follows, we shall for simplicity restrict ourselves to the monopoles possessing the minimal charge only, i.e. set k = 1. Next, B µ is the "magnetic" potential dual to the "electric" potential a µ ≡ A In what follows, we shall be interested in the study of the model (1) in the London limit, i.e. the limit of infinitely large coupling constant λ of the dual Higgs fields (Clearly, this limit corresponds to the case of infinitely large masses of the dual Higgs bosons.). It is just this limit, where the model under study allows for an exact reformulation in terms of the integral over closed electric ANO strings [7] 2 . In the London limit, the radial parts of the Higgs fields can be integrated out, and the partition function (1) takes the form
Since in the model (1) there exist string-like singularities of the ANO type, in Eq. (2) we have decomposed the total phases of the dual Higgs fields into multivalued and singlevalued (else oftenly called singular and regular, respectively) parts, θ a = θ
a , and imposed the constraint of vanishing of the sum of regular parts by introducing the integration over the Lagrange multiplier k(x). Analogously to the dual Abelian Higgs model, in the model (2), θ sing. a 's describe a certain electric string configuration and are related to the closed world-sheets Σ a 's of strings of three types via the equation
This equation is nothing else, but the covariant formulation of the 4D analogue of the Stokes theorem for the gradient of the field θ a , written in the local form. In Eq. (3),
µ (ξ) is a vector, which parametrizes the world-sheet Σ a with ξ = (ξ 1 , ξ 2 ) standing for the 2D coordinate. On the other hand, the regular parts of the phases, θ reg.
a 's, describe a singlevalued fluctuation around the above mentioned given string configuration. Note that owing to the one-to-one correspondence between θ sing. a 's and Σ a 's, established by Eq. (3), the integration over θ sing. a 's is implied in the sense of a certain prescription of the summation over string world-sheets. One of the possible concrete forms of such a prescription, corresponding to the summation over the grand canonical ensemble of virtual pairs of strings with opposite winding numbers, has been considered in Refs. [9, 10] . It is also worth noting that due to Eq. (3) the integration measure over the full phases θ a 's can be shown to become factorized into the product of measures over the fields θ sing. a 's and θ reg.
a 's. As it was announced in the Introduction, the model whose string representation will be of our interest is not the London limit of pure Abelian-projected SU(3)-gluodynamics (2), but rather the full SU(3)-QCD extended by the Θ-term. For a certain quark colour c = R, B, G (red, blue, green, respectively), the partition function of such a theory reads [6] 
Here,Õ µν ≡ 
, and the vectors of colour charges read
Clearly, F (c)
µν , where either
or
is the vorticity tensor current associated with the world-sheet Σ of a certain open electric ANO string, bounded by the contour C.
Aharonov-Bohm Effect and Confinement
In order to proceed with the string representation of the model (4), it is useful to employ the so-called path-integral duality transformation (see e.g. Ref. [17] , where this transformation is presented for the simplest case of the (dual) Abelian Higgs model), whose details are outlined in Appendix A. The result of this procedure reads
Here,
λµ is the field strength tensor of the Kalb-Ramond field of the a-th type, h
2 is the (formal expression for the) 4D Gauss linking number of the surface Σ with its boundary C, which will be shown to become cancelled from the final expression for the partition function. In Eq. (6), we have also denotedΣ
aF µν and introduced the following numbers s
a . As the next step, one needs to carry out the integration over the Kalb-Ramond fields h a µν 's. Referring the reader for details of this procedure to Appendix B, we shall present here only the outcome of the respective calculation, which has the form
Here, D
is the propagator of a dual vector boson of the mass m = g m η √ 3 with K 1 standing for the modified Bessel function.
Further, it is necessary to carry out the integral 2 Θg
emerging among other terms in the expression −2π
m (x − y)Σ a µν (y), which stands in the argument of the exponent on the R.H.S. of Eq. (7). This calculation is outlined in Appendix C, and the result reads
On the other hand, after substituting Eq. (5) 
, which precisely cancels the corresponding Coulomb interaction of currents in Eq. (9) . Clearly, this cancellation could be anticipated from the very beginning just from physical principles, since in the resulting theory there does not remain any massless particles, by which the quarks might exchange.
Substituting now Eqs. (7) and (9) into Eq. (6), we arrive at the following intermediate result for the partition function
where it has been denotedΣ
a Σ µν . Clearly, the last term in the argument of the second exponent on the R.H.S. of Eq. (10) requires further simplifications. By virtue of Eq. (5) and a partial integration, this term can be rewritten as
The integral over y has the same form as the integral I(λ) from Appendix C with λ = x − z and reads
m (x − z) . Owing to this result and the definition ofΣ a µν , the term under study takes the form
One can now see that, as it was expected, the singular term − 4iΘ 3L
(Σ, C) from the first exponent on the R.H.S. of Eq. (10) becomes cancelled by the corresponding term from Eq. (11) . Finally, we arrive at the following expression for the partition function
which is the main result of the present Letter. Notice that for every colour c, it is straightforward to integrate one of the world-sheets Σ a 's out of Eq. (12) by resolving the constraint imposed by the corresponding δ-function. This procedure leads to an obvious expression for the partition function in terms of two independent string world-sheets.
The first exponent on the R.H.S. of Eq. (12) represents a short-ranged interaction of quarks, which due to the Θ-term have now acquired also a nonvanishing magnetic charge, i.e. became dyons. Clearly, the first term in the second exponent on the R.H.S. of Eq. (12) is the short-ranged (self-)interaction of four different world-sheets: three closed ones Σ a 's and an open one Σ. This term is responsible for the linearly rising potential, which confines dyons. Upon the expansion in powers of the derivatives w.r.t. ξ a 's, this term yields the coupling constants of the local string effective action (see the first paper from Ref. [7] for details). The second term is just the shortrange interaction of dyons and strings. The most nontrivial term in the obtained expression is the last, third one, which describes a long-range interaction of dyons with closed world-sheets. Such an interaction represents the 4D-analogue of the Aharonov-Bohm effect [13] , which means that at Θ = 3π × integer (cf. the explicit form of the numbers s (c) a 's), the dyons become scattered by the closed electric ANO strings. Contrary to that, these critical values of Θ correspond to such a relation between the magnetic charge of a dyon and the electric flux inside the string when the scattering is absent.
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Appendices

A. Path-Integral Duality Transformation
In the present Appendix, we shall outline some details of a derivation of Eq. (6) from the main text. To proceed with, we shall firstly rewrite a θ reg.
a -dependent part of the statistical weight, entering the partition function (4), as follows
and carry out the integration over θ reg.
a 's. In this way, one needs to solve the equation ∂ µ C a µ = k, which should hold for an arbitrary index a. The solution to this equation reads
where h a µν stands for the Kalb-Ramond field of the a-th type. Secondly, replacing the integrals over θ sing. a 's with the integrals over x (a) (ξ)'s by virtue of Eq. (3) and discarding for simplicity the Jacobians [16] emerging during such changes of the integration variables 4 , we arrive at the following representation for the θ a -dependent part of the partition function (4) Σ a µν = 0. This means that actually only the world-sheets of two types are independent of each other, whereas the third one is unambiguously fixed by the demand that the above constraint holds.
Let us now turn ourselves to the pure gauge field sector of the partition function (4). In this way, firstly the term − 
being just a g-independent vector. The last equation means that due to the Θ-term the quarks acquire a nonvanishing magnetic charge, i.e. become dyons. The Θ-term then describes an interaction of a dyon with the dual gauge field [12] .) After that, the gauge field sector takes the form
2) It is further convenient to pass from the integration over the B µ -fields to the integration over the fields B a (see the notations after Eq. (6)), we get for Eq. (A.2) the following expression
After that, the integration over the B 
Next, a straightforward algebra yields
where we have taken into account that for every c, s
Clearly, the singular term − 
B. Integration over the Kalb-Ramond Fields
In this Appendix, we shall present some details of a derivation of Eq. (7) from the main text. Namely, we shall carry out the following functional integral over the Kalb-Ramond fields where m = g m η √ 3 is just the mass of the dual gauge bosons, equal to the mass of the KalbRamond fields. In Eq. (B.2), we have also introduced the following projection operatorŝ P µν,λρ ≡ 1 2 (P µλ P νρ − P µρ P νλ ) and1 µν,λρ ≡ 1 2 (δ µλ δ νρ − δ µρ δ νλ )
with P µν ≡ δ µν − 
